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Abstract 



Since the fifties, isospin relations have been used in particle physics to understand 
CN ' the properties of multihadrons final states. In the case of the tau lepton, they 

allow to relate the partial widths of the decay modes to the cross sections of e + e~ 
, annihilations. A pedagogical introduction to the construction of isospin states for 

meson systems and an updated review of the use of isospin relations in the study of 
^ ■ the tau lepton are presented. 
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Dedicated to Roberto Salmeron on the occasion of his 80th birthday. 



X ■ 1 Introduction 



In 1953, at the Bagneres de Bigorre conference [T], which Roberto Salmeron attended as 
member of the Manchester group, Dalitz showed the following inequality [2]: 



1/4 <— r^-^ 1 - C 1 ) 

The r + in Eq.Q partner of the 9 + in the celebrated puzzle, is nowadays known as K + . The 
hypotheses leading to Eq. ^were the existence of an isospin triplet (t + ,t°,t~) and the 
conservation of isospin in the r decay. None of them was founded. Nevertheless, owing 
to the | AI | = 1/2 rule, Eq. ^survived the introduction of the Gell-Mann Nishijima 
scheme 0111 and stimulated the discovery of the K + — > 7r + 7r°7r° decay mode [5]. 

More than thirty years later, the same inequality was written in a paper [H] devoted 
to the "calculation of exclusive decay modes of the tau" , but the r studied in the paper 
was the r lepton. This coincidence can serve to illustrate the longevity and the gener- 
ality of the isospin relations. However, in the following pages, we will discuss only their 
applications [SJ El M EE IH] to the decay modes of the r lepton. 
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2 Isospin relations in hadronic final states 



The proof of an equation like Eq. starts from the identification of the different possible 
isospin states for the hadronic system. The amplitudes for a given charge-configuration 
(7r + 7r + 7r~ and 7r + 7r°7r° for three 7r's with Q — 1) are linear combinations of the isospin 
amplitudes; thus the partial widths are linear combinations of the squared amplitudes 
and their interference terms. 

Generally, a large fraction of the interference terms are killed by the integration over 
the phase-space. The remaining terms are bounded by the Schwartz inequality [12]. The 
resulting constraints can be geometrically represented by an allowed convex domain in 
the space of the charge-configuration fractions, f cc = T cc /T. If all the interferences vanish, 
the domain is a polyhedron, convex hull of the points that describe each isospin state. 

Hence, the first step in the construction of the allowed domain is the setting up of a 
basis for the isospin states, adapted to the implementation of the Pauli principle. 

3 Isospin states of nn systems 

Such a basis was constructed by Pais [T3] with the object of studying the many pion 
systems produced in pp and pn annihilations. The construction is based on two simple 
remarks: i) the representations of the isospin group SU(2) relevant for nir systems are 
also representations of SO (3), ii) the group of 3 x 3 orthogonal unimodular matrices, 
SO (3), is a subgroup of the group of 3 x 3 unimodular matrices, SL(3). Thus, if V is 
the three-dimensional space of the isospin states of one pion, the space of the states of n 
pions, V® n , supports representations of both SL(3) and the symmetric group «S n , which 
acts on V® n by permuting its factors. Standard properties of the representations of linear 
groups [HI HH1 HE] imply the decomposition 

A 

V* n = ($E x ®F x , (2) 

where the symbol 1 A = (Ai, A 2 , A 3 ), with Ai > A 2 > A 3 and Ai + A 2 + A 3 = n, is associated 
to a three-row Young diagram; F x is the irreducible representation of S n determined by 
the diagram, and E\ an irreducible representation of SL(3). For a given n, the correspon- 
dence between the representation of SL(3) and A is one-one. The representation E\ is 
characterized by the two numbers: Ai — A 2 and A 2 — A3. 

As a representation of SO (3), E\ is no longer irreducible because of the invariance 
under SO(3) of the contraction operation [H] HZ]. Its decomposition into irreducible 
representations of SO (3) reads 

1 

Ex = @N I (\)D I , (3) 

where Di is the (21 + l)-dimensional irreducible representation (integer isospin I). The 
multiplicity Nj(X) was computed by Racah ^7j. It can be written: 

jV / (A)=0(A 1 -A 3 -/ + 2 ) - 0(A 2 - A 3 - I + 1) - 0(Ai - A 2 - I + 1), (4) 

1 Also denoted "symmetry class". 
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where 4>(x) is the greatest integer contained in x/2 for x > 0, and for x < 0. For systems 
of two pions, we get: 

A iVo iVi N 2 
(1,1,0) 1 

J (2,0,0) 1 1 



and, for three pions, 



A iV Ni N 2 N 3 

;i,i,i) iooo 



(2,1,0) 
(3,0,0) 



1 1 







For any A, Eq. 0] implies the relation 

iV (A)+JVi(A) = l, 



(5) 



f l I Q of a contraction. If both 



which can also be obtained directly from the symmetry 
Ai — A2 and A2 — A3 are even, N Q = 1, otherwise Ni = 1. 

From the equations (0), (jSJ) and (J3J), we see that the sole degeneracy of the n-n 
states I-Z3, A) with I < 1, (J 3 and A fixed) is due to the permutation symmetry. These 
states form an irreducible representation of S n . Since a permutation preserves the charge- 
configuration (n + ,n°,n~) of a n-ir system, the irreducibility implies that the Clebsch-like 
coefficients used to write the isospin states as combinations of charge-configuration states 
are determined by ^3 and A only 2 . In other words the coefficients of the charge- 
configurations are a class property. 

Furthermore, since the permutation symmetry properties of the momentum and isospin 
amplitudes are the same, because of the Pauli principle, integrating over the phase-space 
kills all the interference terms for a n-ir system with I < 1; the allowed domain in the 
space of the charge-configuration fractions is a polyhedron. 

Let's take the simple example of the Q = 1, / = 1 three- ir system alluded to in the 
introduction. For SO (3), an isospin one is a vector, and any vector made of three vectors 
can be written 

a {b ■ c ) a + j3 (c ■ a ) b + 7 (a ■ b ) c. 

(a • b ) c describes an I — 1 state with the two first tt in an 
-7r - 7r + )7r + . It is then straightforward to write the other terms 



As an isospin function, 
1 = state: (tt+tt" - 7r°7r° - 
by cyclic permutations and get the ratio 



R 



7r + 7r°7r° 

7T + 7r + 7T _ 





a 


2 + \P\ 2 


+ 


7 


2 


1/5 + 7 


2 + 


a + 7 


2 + 





(6) 



2 The elements of the group algebra used to build an orthogonal basis of the representation give also 
orthogonal charge configuration states 
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The symmetry class A = (3, 0, 0), is associated to the one-dimensional space of completely 
symmetric states (a = /3 — 7) for which the ratio is R = 1/4; the class A = (2, 1, 0) to the 
two-dimensional orthogonal space (a + (3 + 7 = 0), with R — 1. An example of state in 
the (2, 1, 0) class is given by a pir system, which is represented by (a A b) A c, where the 
vector product (A) is interpreted as the combination of two isospins one into an isospin 
one. 

Thus the charge- configuration fractions are: 

11 14 

/tt+ttOtt = 2^(210) + ^^(300), fn+TT+TT- = ^^210) + -W( 30 0), (7) 

with Wpio) + ^(300) = 1. 

The weights W\ depend on the dynamics. In the Fermi statistical model ^HIES]; they 
are proportional to the dimension of the representation F\ of the permutation group S n \ 
here Wffifa = 2/3 and Wtfgfa = 1/3. 

If / = 2 states are allowed, they have to share the symmetry properties of / = or 
1 = 1 states, so that interference terms must be taken into account. It can be checked 
on Eq. El that, for n < 6, iV 2 (A) < 1 for all A. Thus, for n < 6 and I < 2, the charge- 
configuration coefficients are determined by /, Is and A only. 

Tables of the coefficients can be found in the literature fSlEOI- They are computed by 
explicitly constructing tensors with the required symmetry, as in the previous example, 
or by more sophisticated methods (131 |2H| |2*T|. 



4 Semileptonic decays of the r lepton 

The possible hadronic systems 3 (h) in the semileptonic decay r — ► vh are: n7r, i]mr, Kim, 
KrjniT, and KKrnr. 

The properties of the charged weak current imply that the total isospin is 1 for the 
strangeness zero final states, and 1/2 for the others. Thus the isospin of the nn system is 
1 for h = tot and h = rjnir; or 1 for h = Knir; 0, 1 or 2 for h = KKrnr. 

For all the cases but h = KKrnr the isospin amplitudes can be labelled by the symme- 
try class A only and the interference terms are killed by the integration over phase-space. 
Thus the partial width for a given charge-configuration (cc) can be written: 

T cc = J2 x C c x c T\ (8) 

where the coefficients C^ c can be found in tables [TTH IT3]. 

For positive G-parity systems (h = 2nii, h = r)(2n + l)vr), the weak current is related 
by an isospin rotation to the electromagnetic current, hence relations can be established 
between the r partial widths and the cross sections of e + e~ annihilations. 

For h = KKrnr, a more detailed analysis taking into account the interferences is 
needed. 

3 The r\ channels have to be treated separately because ij decay violates isospin. 
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Figure 1: The decay fractions for r — > z/57r. The experimental point (rj subtracted) is 
shown with the la (39% probability) contour. 



4.1 r^z/(2n+l)7T 

For a 37r system, there are two possible symmetry classes and the isospin constraint is 
Eq. □ 

Experimentally, the ratio 7r~7r~7r + /7r~7r°7r° is nearly 1 because of the dominance of the 
pre intermediate state. A detailed analysis of the final state |22|, taking into account the 
isospin symmetry breaking caused by the difference of the n° and 7r =l= masses, predicts a 
ratio 0.985, in good agreement with the measurements [23*] . 

For a 57r final state, three charge-configurations and four symmetry classes are present. 
The production of r] contributes to the 27r _ 7r + 27r° and 7r~47r° final states. 

The comparison of the measured branching ratios [23] (after 77 subtraction) with the 
allowed domain is made in Fig. ^ It shows the dominance of A = (2, 2, 1), which is due 
to the um~n° intermediate state. 



4.2 r — ► v2mt 

The final states of an even number of pions are produced by the vector current, which is 
related by an isospin rotation to the electromagnetic current. Since the isospin rotation 
commutes with the permutations, the relation between r partial widths and e + e~ cross 
sections jB] can be written for each symmetry class A: 

1 f/1 '' 2 " n 3< ° S VK-- 2 ) 2 K + 2- 2 )^ e _ 2n7r (m 2 ). (9) 



T uVe dm 2 2TTa 2 m^ 

There is only one class for 2tt systems. For Air final states the possible classes are 
A = (3, 1, 0) and A = (2, 1, 1). Since there are two charge-configurations for both r decays 
and e + e~ annihilations, the correspondence between cross sections and partial widths is 
very simple: 

0271+27!- < ► 2r 7r ~ 37r o 

°"7T+7I— 27T° < * rTT-TT-TT+TT _ FTF-STr - 
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f ( 5jf Tt" ) 

Figure 2: The decay fractions for r — ► vGtt. The grey region corresponds to one standard 
deviation from the measured B 3n ± 3n o / B 5n ± w o (77 subtracted). The hatched regions are 
estimations (la) from e + e~ annihilations data: ratio cr e + e -^ 67r ±/o" e + e -^4 7I -± 27r o for the di- 
agonal band; comparison of B 5w ± n o and the total cross section cr e + e -^( 67r )- for the vertical 
band. 

Thorough comparisons 24 of r-decay and e + e~-annihilation data for the two- and four- 
pion channels, including the consideration of isospin symmetry breaking, have been made 
recently in order to improve the theoretical determination of the muon anomalous mag- 
netic moment a M . They show some discrepancies between the e + e~ and r data, as well as 
between different e + e~ experiments. 

Four classes can contribute to the 67r states production, and only three charge-confi- 
gurations are possible in r decays as well as in e + e~ annihilations. Therefore, even with 
complete measurements it would not be possible to predict the partial widths from the 
cross sections or conversely. Nevertheless, with two measurements in e + e~ annihilations 
(°37r+37r-; cr 2-K+2w-2-K ) an d in t decays -8271-71+371-°), it is possible to determine 

the contributions of the four classes, or, at least, to check the consistency of the different 
measurements. 

Figure 121 displays the allowed region in the plane of the charge-configuration fractions 
and the ratio B 2 - K -- K + 3 - K o / B 3lT - 2 - K +- K o of the measurements (221, after 77 subtraction (grey 
area) . 

The large cr 27r -27r+27r°/o"37r-37r+ ratio observed in e + e~ annihilations implies the dom- 
inance of A = (3,2,1) and/or A = (4,1,1), quantitatively shown jTU] by the diagonal 
hatched region in Fig. |21 The location of the intersection of the two regions corresponds 
to A = (3, 2, 1), in agreement with the observed j2Hl importance of the uj production. 

Discrepancies appear when the total cross section for e + e~ annihilations into 6/T is 
taken into account. It allows an estimation [23] of the total B^ branching ratio, which 
together with the measured -B37r-27r+7r° gives the vertical hatched band in Fig. |2l clearly 
incompatible with the other estimations. 

Two hypotheses can be contemplated: either the e + e~ cross sections are overesti- 
mated by a factor of roughly four, or the e + e~ annihilations into 6ir receive a large 
contribution from 1 = 0, rj^ir final states. In the second hypothesis, the cross section for 
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Figure 3: The decay fractions for r — > vKtxtx. The experimental point is shown with the 
la (39% probability) contour. The solid line is the isospin constraint (Eq. HOj). 

e + e~ — > 7r + 7r _ + neutrals would be three times larger than cT2 7r - 27r +2 7r o. 

The contribution of the 677 channel to the estimation of a M is small [21], however the 
second hypothesis, if true, could have a not completely negligible impact on the estimation. 

4.3 t — ► vKwk 

For r — ► ^i^7r, the isospin 1/2 implies the ratio K~n° /K°tt~ = 1/2, to be compared with 
the experimental value 

B K -^/B R0 „- = 0.51 ± 0.04 . 

For Knix systems, the number of charge-configurations is greater than the number of 
symmetry classes. The resulting relations between branching ratios are 

Br—tt+tt- = -Bko^-^o + 2B K - 7T 7T (10) 
Bk°tt-tt-tt+ — + 2B K - n O 7T O 7r (11) 

for three and four hadron final states. The data for the K2n final states are shown in 
Fig. El The location of the experimental point is consistent with the observed dominance 
of the intermediate states K*n and Kp. 

4.4 t — ► vKKrrn 

In a KK system, the possible values of the KK isospin are and 1. For I KR = the 
isospin of the mc system is I nn = 1; it can be 0, 1 or 2 for Ikk = 1- Both axial and vector 
currents contribute to the decay, leading to G — +1 (V) and G — — 1 (A) for the G-parity 
of the hadronic system, and G kR — (—l) n G. 

Since the J p quantum numbers are different for the axial and vector currents, there 
is no V-A interference term in the partial widths. 
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Figure 4: The decay fractions for r — ► uKKtt. The experimental point is shown with the 
la (39% probability) contour. The solid line is the isospin constraint (Eq. fT2"]) . 

The G-parity of a KK system is related to its isospin and orbital momentum by 
G kk — {— 1) IkR+1kR , thus for a given (V or A) current the values of l KK associated to 
Ikk = an d Irk = 1 are different and there is no interference term between 1 KK = 
and I KK = 1 amplitudes. 

This imply jTOj, for any charge-configuration (cc) of the mr system, the equality. 

^K°K°(nn,cc) = ^K+K~ (n7r,cc) • (12) 

From CPT invariance, T KsKs ^ nWtCC ) = T KLKL ( nnfiC ), but the ratio T KsKL ^ nn ^/T KsKs ^ nWtCC ) 
is a free parameter depending on dynamics and the respective contributions of V and A 
currents [TUj . 

Figure |U shows the agreement of the data |2Sl EZJ with Eq. [T21 in the case of the 
KKtt final state. The ratio K + K~tt + /K°K-tt° is found equal to 1 in agreement with 
the observed dominance of the intermediate state K*n. 

The isospin amplitudes for a KKnn final state can be labelled by IkRi Inn and the 
symmetry class A of the mr system. 

If no I nn = 2 amplitude is associated with A, there is no possible interference term 
and the class is described by a point in the space of the charge-configuration fractions. 

If I n7T = 2 is possible, there is one interference term, but only one since m T < 2ttik + 
6m n (section 0J), thus the class is described by a two-dimensional elliptic domain [TT] . 

The allowed domain in the space of the charge-configuration fractions is the convex 
hull of the points and ellipses associated with the symmetry classes of the mr system. 
Fig. shows a projection of this multidimensional domain in the case of n — 2. It implies 
the following inequality [TT] : 

3 

Bkok-tt°ttO < -^(B K o K + n - n - + B K o K - 1T + 7T -) } (13) 
which, together with the relation B^o^-^o^o < i? i fo 7r - 7r - 7r + (Eq. [TTJ, gives the constraint 

BK S h-TT°TT° < B Ksh - h - h + (14) 

on topological branching ratios. 
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Figure 5: Projection of the allowed domain for r — > vKKtxtx. The classes of amplitudes 
are labelled by the isospin values, [IkRi In-*) ■ 

5 Conclusion 

Isospin relations have been used in r lepton physics for nearly twenty years. Their first 
applications [HI EI were the estimation of r branching ratios from e + e~ annihilation data, 
the bounding of the contributions of unobserved channels, and the elucidation of the "one 
prong problem" [2E1 12H] • 

Today, a large number of decay modes are tabulated [22], the order of magnitude of 
the smallest measured branching ratios is 10~ 4 , and the data from r decays are used [21] 
to complement and correct the information given by the e + e~ annihilations. 

The observed discrepancies can only be solved by experiment. However, quoting from 
Blackett's closing remark at the Bagneres conference [31]] : the history of scientific 
discovery is any guide, the same increase of accuracy which will serve to settle our present 
controversies will equally, surely, itself bring to birth new controversies by leading of some 
discoveries." 
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